We study muon pair production e + e − → µ + µ − in the noncommutative(NC) extension of the standard model using the Seiberg-Witten maps of this to the second order of the noncommutative parameter Θ µν . Using O(Θ 2 ) Feynman rules, we find the O(Θ 4 ) cross section(with all other lower order contributions simply cancelled) for the pair production. The momentum dependent O(Θ 2 ) NC interaction significantly modifies the cross section and angular distributions which are different from the commuting standard model. We study the collider signatures of the space-time noncommutativity at the International Linear Collider(ILC) and find that the process e + e − → µ + µ − can probe the NC scale Λ in the range 0.8 − 1.0 TeV for typical ILC energy ranges. *
I. INTRODUCTION
The idea that the fundamental scale of gravity can be as low as TeV has drawn a lot of interest among the physics community recently. In some brane-world models [1] where this TeV scale gravity is realized, one can principally expect to see some stringy effects in the upcoming TeV colliders and in addition the signature of space-time noncommutavity.
Interests in the noncommutative(NC) field theory arose from the pioneering work by Snyder [2] and has been revived recently due to developments connected to string theories in which the noncommutativity of space-time is an important characteristic of D-brane dynamics at the low energy limit [3] [4] [5] . Although Douglas et al. [4] in their pioneering work have shown that noncommutative field theory is a well-defined quantum field theory, the question that remains is whether the string theory prediction and the noncommutative effect can be seen at the energy scale attainable in present or near future experiments instead of the 4-d Planck scale M pl . A notable work by Witten et al. [6] suggests that one can see some stringy effects by lowering the threshold value of commutativity to TeV, a scale which is not so far from present or future collider scale.
What is space-time noncommutavity? It means space and time no longer commute with each other. Now writing the space-time coordinates as operators we find [X µ ,X ν ] = iΘ µν (1) where the matrix Θ µν is real and antisymmetric. The NC parameter Θ µν has dimension of area and reflects the extent to which the space-time coordinates are noncommutative i.e.
fuzzy. Furthermore, introducing a NC scale Λ, we rewrite Eq. 1 as
where Θ µν (= c µν /Λ) and c µν has the same properties as Θ µν . To study an ordinary field theory in such a noncommutative fuzzy space, one replaces all ordinary products among the field variables with Moyal-Weyl(MW) [7] ⋆ products defined by
Using this we can get the noncommutative quantum electrodynamics(NCQED) Lagrangian
which are invariant under the following transformations
where
The alternative is the Seiberg-Witten(SW) [3] [4] [5] 8] approach in which both the gauge parameter Λ and the gauge field A µ is expanded as
and when the field theory is expanded in terms of this power series Eq. (7) one ends up with an infinite tower of higher dimensional operators which renders the theory nonrenormalizable. However, the advantage is that this construction can be applied to any gauge theory with arbitrary matter representation. In the WM approach the group closure property is only found to hold for the U(N) gauge theories and the matter content is found to be in the (anti)-fundamental and adjoint representations. Using the SW-map, Calmet et al. [9] first constructed a model with noncommutative gauge invariance which was close to the usual commuting standard model(CSM) and is known as the minimal noncommutative standard model(mNCSM) in which they listed several Feynman rules comprising NC interaction. Intense phenomenological searches [10] [12] have investigated the process e + e − → γ → µ + µ − in the context of NCQED and predicted a reach of Λ = 1.7 TeV. In addition to the photon(γ) exchange, we also consider the s-channel exchange of the Z boson. Now in a generic NCQED the triple photon vertex arises to order O(Θ), which however is absent in this mNCSM.
Another formulation of the NCSM came to the forefront through the pioneering work by
Melic et al. [13] where such a triple neutral gauge boson coupling [14] appears naturally in the gauge sector. We will call this the nonminimal version of NCSM or simply NCSM. The
Feynman rules to order O(Θ) were presented in their work [13] . In 2007, Alboteanu et al
Feynman rules for the first time. In the present work we will confine ourselves within this nonminimal version of the NCSM and use the Feynman rules given in Alboteanu et al. [15] .
In Sec. II we present the cross section of e + e − → γ, Z → µ + µ − . The numerical analysis and the prospects of TeV scale noncommutative geometry are discussed in Sec. III. Finally, we summarize our results in Sec. IV.
The muon pair production process e 
In order to have the cross section to order O(Θ 2 ), we include the order O(Θ 2 ) Feynman rule. The scattering amplitude to order Θ 2 for the photon mediated diagram can be written
and the same for the Z boson mediated diagram as
where The spin-averaged squared-amplitude is given by
The different terms in the spin-averaged squared-amplitude are given in Appendix C. We use the Feynman rule to order O(Θ 2 ) while calculating several squared-amplitude and interestingly we found that all lower order terms, i.e. O(Θ), O(Θ 2 ), and O(Θ 3 ), get canceled (see Appendixes C and D for further discussions). With these the differential cross section can be written as
where σ = σ( √ s, Λ, θ, φ). From Eq. 12 we can obtain σ, dσ/d cos θ and dσ/dφ as
III. NUMERICAL ANALYSIS
In this section, we analyze the total cross section and angular distributions of the differential cross section in the presence of space-time non commutativity obtained in the earlier section. Before making a detailed analysis, let us make some general remarks regarding the observation of noncommutative effects. Since we assume c µν = (ξ i , ǫ ijk χ k ), where
and χ k = ( B) k are constant vectors in a frame that is stationary with respect to fixed stars, the vectors ( E) i and ( B) k point in fixed directions which are the same in all frames of reference. However, as the Earth rotates around its axis and revolves around the Sun, the direction of E and B will change continuously with time dependence which is a function of the coordinates of the laboratory. The observables that are measured will thus show a characteristic time dependence. It is important to be able to measure this time dependence to verify such noncommutative theories. In our analysis, we have assumed the vectors
(î +ĵ +k) and B = 1 √ 3 (î +ĵ +k) i.e. they behave like constant vectors. This can be true only at some instant time at most.
A. Production cross section vs the machine energy in the NCSM
In Fig.2 we show the total cross section σ(e − e + → µ − µ + ) as a function of the centerof-mass energy E com (= √ s) (GeV). The lowermost solid curve(in each of the two figures) corresponds to the CSM (recovered from the NCSM in the Λ −→ ∞ limit), whereas the uppermost (long-dashed) curve, next to the uppermost (short-dashed) and next-to-next uppermost (i.e. dotted) curves, arises in the NCSM with Λ = 800, 900, and 1000 GeV, respectively. We observe that although the deviation from the commuting standard model is small at relatively lower energies, it starts becoming significant at ∼ 1400 GeV and becomes more pronounced with the increase in machine energy. Moreover we can also see that at a given machine energy E com , the deviations become larger with smaller values of Λ. Table 1 . Fixing the machine energy E cm at 1750
GeV, if we lower Λ from 900 GeV to 800 GeV, the number of NC events N per year increases from 3800 yr −1 to 4200 yr −1 , which is larger than N SM (= 3600 yr −1 ). Note that the NC signal is always larger than the SM background. B. Angular distribution of muon pair production e − e + → µ − µ + in the NCSM
The angular distribution of the final state scattered particles is a useful tool to understand the nature of new physics. We will now see how the azimuthal distribution of the final state scattered particles can be used to separate out the noncommutative geometry, the NCSM, from the other type of new physics models e.g supersymmetry, brane-world gravity, unparticle scenario, little Higgs models etc. is fixed at 1.75 TeV. The lowest horizontal curve is due to the SM, whereas the plots above the horizontal one, as we move up correspond to Λ = 1.0, 0.9, and 0.8 TeV, respectively.
In Fig. 3 we show dσ dφ as a function of the azimuthal angle φ. For the angular analysis study, we fixed the machine energy E com (= √ s) at 1.75 TeV. The standard model which is completely φ symmetric, predicts a flat distribution for dσ/dφ. The lowest horizontal curve establishes this fact. Other plots above the horizontal one, as we move up, correspond to Λ = 1.0, 0.9 and 0.8 TeV, respectively in the NCSM. The departure from the flat behavior is due to p 2 Θp 1 and p 4 Θp 3 terms in Eqs. 9 and 10 that bring in the φ dependence which is thus observed in Fig. 3 . Interestingly, the curves show several maxima and minima. The largest maxima for each of the three curves is peaked at φ = 0.78 rad, whereas the second largest maxima is found to be located at φ ∼ 4 rad. Two minimas are found: they are located at φ = 2.6 rad and 5.3 rad, respectively. Note that in each of the above three plots, if we set Λ = ∞, the lowest horizontal SM curve is recovered. It is worthwhile to note that such an azimuthal distribution clearly reflects the exclusive nature of the noncommutative geometry which is rarely to be found in other types/classes of new physics models and hence may serve as Occam's razor-either selecting or ruling out a class of new physics model(s).
We next analyze the polar distribution. In Fig. 4 , 
The same for the vertex f (p in ) − f (p out ) + Z(k) can be obtained by making the necessary
In our analysis, we set c 
Appendix C: Spin-averaged squared-amplitude for e + e − −→ µ + µ −
The squared-amplitude terms of Eq.11 are
The various components of the squared-matrix element [Eq. 11] are found to be 
(C5)
Interestingly, the inclusion of the order O(Θ 2 ) Feynman rule leads to the cancellation of all lower order terms. A relevant discussion is made at the end of this appendix and in the next appendix.
Equations C2 -C4 can be rewritten using the results and prescriptions of Appendix B as
